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Some rational approximations which share the properties of Padé and best
uniform approximations are considered. The approximations are best in the
Chebyshev sense, but the optimization is performed over subsets of the rational
functions which have specified derivatives at one end point of the approximation
interval, Explicit relationships between the Padé and uniform approximations
are developed assuming the function being approximated satisfies easily verified
constraints. The results are applied to the exponential function to determine the
existence of best uniform A-acceptable approximations.

I. INTRODUCTION

In this paper we consider rational approximations to a function f(x) which
share the properties of both Padé and best uniform approximations. We
shall require that the function f(x) being approximated satisfy the basic
conditions:

(1) f(x)eCflorxe[0,b],0<<b < w;
2) flx)eCMat x =0, for fixed M = 1; (1.
() dfX)dxt g = (D c;, i=0,1,..., M.

We then wish to study rational approximations to f(x) which are best in
the Chebyshev sense, but where the optimization is done over subsets of the
rationals which have specified derivatives at x = 0.

Let IT,, denote the collection of all real polynomials of degree at most m
and let IT,, , denote the collection of all real rational functions r,, ,(x) of the
form

rm,n(x) = q;zl(x) pn(x): (12)
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Copyright © 1976 by Academic Press, Inc.
Al rights of reproduction in any form reserved.



298 B. L. EHLE

where p, € I, and q,, € I, . We normalize by requiring ¢(0) = 1 and assume
that g(x) does not vanish on the interval of approximation. In addition, let
1T, . .(f) be the subset of IT,, , such that for 0 <k <m +n

P b(0) € Ll 1) € (d°AX7) Ty 10|00 = () €5, i = 0, 1,0, k. (1.3)

Now, consider the error A, , ; associated with the best Chebyshev rational
approximation of f(x) by members of IT,, ,, ,(f) on [0, 5],

Apup = dnf{ max | rm.a(x) —f] (1.4)

Tm,n,kénm’n,k(f) 0<Cx<h

It has recently been shown by Lawson [6] that there exists at least one
member F(x) € IT,, , (f) for which

omax | F(x) — fG)l = Annp

and that a rational function 7,_, ,_, (%) is optimal in IL, , .(f) in the
Chebyshev sense if and only if there exists a set of points 0 < x; << x5 <<
xy <b, N=m+n-+1—k — min(u, v) and a constant A for which

P (X)) — [0 = (=12, i=1,2,.,N. (1.5)

In this paper we wish to develop a further characterization of these approxi-
mations under the assumption that the function f(x) is normal of degree
m -+ n. (The definition of normality, which depends only on the ¢; of (1.1),
is given in Section 2). In Section 2 we show that if f(x) is normal and if (1.3)
is satisfied with k 2= m then r,, , ;(x) can be written as an m 4+ n — k param-
eter function constructed from Padé approximants to f(x). As an example,
Section 3 considers the problem of finding the best uniform order constrained
approximations to the exponential function over the interval —oo < x << 0.
Section 4 is devoted to showing that if ¥ << m + n — 3 then the resulting best
approximations are not 4-acceptable, that is, they do not satisfy the condition
1 7(z)] << 1 for all z such that Re(z) << 0. Based on results shown previously
in [2] and [3], it is shown that if & > m + n — 3 then the best approxima-
tions are A-acceptable.

2. CHARACTERIZATION OF ¥y, . USING PADE APPROXIMANTS

To establish a connection between the elements of I, , .(f) and Padé
approximants to f(x) we employ the following properties.
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« . . ¥ : m .
DEFINITION.  Given a rational function r(x) = Yo 7. X/2 50 0:%% 8 = 1

and a set of constants ¢;, j = 0, 1,..., 4, 7 > m, then if the following system
of equations is satisfied

i
Yy — z 8,¢,, =0, j=0,1,.,n;
=0

INgE]

87:05_?; = O, ] =R “9— 1,..., n

1=0

il

property A(y) is satisfied.

DermviTion.. Given a set of comstants ¢;, j=0,1,2,...,9 +v — 1,
5 2 0,v > 1, and ¢; = 0, j < 0 if the Hankel determinant [4]

Cy Ch Copepti
an — Cn.-(—l ({n cn-—.v-!—i’ ;é: 0
1Cv1 Gy o Cy

then property B(y, v) is satisfied.

DermaiTion. For a given function f(x), if the ¢,,i=0,1,2,...m +n
determined by (1.1) with M > m -+ n satisfy B(y, v) for all (», v) such that
v <m - 1and p <<n - | then f(x) is said to be normal of degree m + n.

Levma 2.1, If f(x) is normal of degree m + n then each entry R; (x)€
I7; ; of the Padé table of f(x) is uniquely determined in lowest terms and has
numerator of exact degree j and denominator of exact degree i, when i < m,

jsn

Proof. Because f(x) is normal, R, ;(x) satisfies property A( 4 ;) and
properties B(j,i), B(j+ 1,i), and B(j,i + 1). The uniqueness and nonzerc
value of the appropriate coefficients follows at once [4].

Assuming f(x) is normal of degree m + » we shall denote the unique Padé
approximations with numerator of degree n — i and denominator of degree
m by

Pm.n—z’(x)

Rm,n»i(x) = Qm,n—i(x) 3

i=0,1,.,n
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For j < n we define a j parameter rational function based on these Padé
approximations as follows:
P, (X5 11 5 P 5ees L)

'@m,'ﬂ,f(x‘; [N ot ERS) “’j)
Qm,n,i(X; 15 g 5eeey V‘a‘)

(1 N e T v R f"‘a) Pm,n-—a'(x) -+ 223=1 H‘iPm,'nwi—H(x) .
(1 My T M I‘LJ) Qm,n-a'(x) + Zi':j[ ,u‘z'Qm,n—z'+1(x)

@.1)

In the next two Lemmas we shall establish conditions which guarantee that
lf rm,n,k(x) € Hm,n,k(f) then

rm,n,k(x) = ’%m,n,j(x; 1 s g seees IJ‘J)

when j and (p; , 4g ,..., f4;) are suitably chosen,

LeMMA 2.2. Let f(x) be normal of degree m - n and let vy, ,, 1(x) satisfy
condition (1.3), where k > m. Then there exists a unique set of constants

(I‘l‘l*a :""2*a---a l’l‘?*) such that

[pm,n,k(x) - q'm,n,k(x)f(x)] - [‘@m,n.j(x; f"‘l*v--a :uj*)
Lo, ni(%5 s ™) F ()] = O™+ 22
where j =m +n — k.
Proof. From the form of £, , ; it is clear that for any (u; , p2 ,..., i;) the

difference in Eq. (2.2) is O(x**%).
Denote

pm,n,k(x)» qm,n,k(x)a Pm,n~9'(x)s and Qm,n—j(x) by

pm,n,k(x) = Z aixia qm,n,k(x) = Z bixi (23)
i=0 o)

m
m n—y(x) Z i, zx Qm,n—i(x) = Z bm,n—i,z‘xi'

i=0

The left-hand side of (2.2) may then be written in the form

m-n ) mtn i .
Z dxt — Y [(1 =y — o — " — 1) dpnsi T Y “ldm,n~l+1,i:| x*
i=RHL i=tl -1

+ O( x'm+n+1),
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where

di=a;— Y by, i=k+1.,m-+na=0fori>n

=0
and
m
dm,n—y,i = Am vy, Z bm,n-v,lci—l 3 V= 07 15:./7 i=k + 1!"', m + n
1=0
Appy, =0fori>n—v.

From the form of the Padé approximants we observe that d,, ,_,.; == 0 for
m -+ n — v = i. It follows that (2.2) is true if and only if a linear system of
the following form is satisfied:

(S ST5 T 75 T 75 T 15 1 251 €
Xp,3 Ogg 7 Kgp 77 Qg U €y
ApT = =
Og1 e T Oy T Oy L% €;
Q1 Qe T GG T Oy g €;
=el, j=m-+n—=r (2.4)
In particular, o;; = dypojpe, I = 1, 2, m + 1 — k and oy, =

Ao n—gori — Omon—gritiris L =2, 3,..., m +n — k. By subtracting column
j — 1 from column j, column j — 2 from column j — 1, etc., we observe that

det(4) = oy 1(gn — g Motg,3 — da0) *** (5 — ¥y59) 7 0

since dpy,pjr1a4s = 0 for i =1,2,3,..., m + n — k. Consequently, (2.4}
has a unique solution {u,*, us*,..., pu,*) which proves the theorem.

Lemma 2.3, Given two functions

rm,n(x) - Eg (/lez/z wixiy Sm,n(x) = ZO O‘ixi/ igo Bixi

i=0

which both satisfy property A(k), k = m, and also satisfy the condition

m m
Yoo =d =Y Bici, i=k-+1,.,m-+u 2.5
=0 i=0

then r,, (x) = s,, (x) provided property B(n, m) is satisfied.
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Proof. Property A(k) and Eqs. (2.5) specify two systems of m - n -+ 1
linear equations in m + n 4+ 1 unknowns for determining the coefficients of
Pin,n(x) and s, ,(x). The coefficients of these two systems are the same and
property B(n, m) guarantees a unique solution to the system.

THEOREM 2.1. Let f(x) be normal of degree m + n and let 1y, (%)
satisfy condition (1.3) with k = m. Then there exists a unique set of constants
(¥, o™, ;™) such that

rm,n,k(x) = ggm,n,m—f—n—k(x; F’l*a :u'2*="': P’J*)

Proof. The result follows at once from Lemmas 2.2 and 2.3

3. BEST-ORDER CONSTRAINED APPROXIMATIONS TO e*

It is well known [1, 5] that the Padé approximations to the exponential
have the form

Smeo (U + & — m)! KY(j + K) I m! (k — m)!) xm
Yo G+ &k —mYG + Btm! (j — m)Y(—x)"

Ry u(x) = (3.0

for all j >0, k == 0, and hence ¢® is a normal function of any degree. It
follows from the previous section that if r,, , x(x) € 1, ,.(€®), k > m then
P (X)) = Rynon, (X3 oy 5oy ;) Where j=m -+ n —k. Because of the
continuity of ¢” and the continuity assumption on 7, , (%), study of the
points where e® — r,, . x(x) = 0 provides information about the possibility
of 7., n,x(%) satisfying (1.5). The following theorem characterizes the regions
in the m + n — k dimension Euclidean space where exactly m +n — k
exponential fittings occur. Excluded in this count is the exponential fit at
x = 0 and also the possible fit at —oo.

TueOREM 3.1. For any m,n > 0 and any j < 1 let Ry, p (X5 oy » oz 5ees 1)
denote the functions defined by Eq. (2.1) when f(x) = e®. Then there exists a
unigue set of parameters (i, *, po™,..., u, ) such that

g?m,n,j(xi ;[1'1*9 ”2*:"-: l‘l’]*) — ¥ = 07 i= l, 29“'5j
for arbitrary

—00 < Xy << Xy << < x; <O where u;* > 0,1 =1,2,..., j, and
A pe* o ¥ <L
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Proof. Forj=1and n =m or n =m — 1 the result is established in
[2]. For j = 2 and n = m the result is established in [3]. To establish the
general result we shall use induction on k.

In general, for k = 1, n 2> 1 and any x; << O we have

— (1 - f“l) Pm,n——l(xl) _1[_ Mle,n(xl)
(1 — 1) Omnalxd) + 1O, nlx1)

But by [8], R na(x1) — €%t and R, .(x;) — e* differ in sign. Hence, by the
same argument used in [2]. there exists a unique p;*, 0 < p* << 1 such that
%m,n,l(xl :[1'1*) = e™, -~ _

Now assume that for & = k the theorem is true for all n 2> k and any set
of k distinct negative x’s. Let % denote any particular set of these x’s, and
consider the function

— ",

Ropon X1 5 1) —e™

Romon i1 (X5 1 > M gees 1) (3.2)

Setting pg.; = 0, (3.2) becomes Z,, n 4 g(X; ph 5 iz oo i) While if p, =
L—pg — =" — pgar, (3.2) becomes Ry nzl(X; s, fhs,ons frsy). By the

assumption, there is a set {u;*}* ; and a second set {i;*}* , such that
Mi™ fim1 i siza

'@mm—l,fc(x; [:Ll*,..., !jk*) — et =0 (33)
'%m»n,l?(x; ,le*,..., I-"IE*) — et =10

for x € ;. Now consider any point on the line segment connecting the

points (™, B,y p®, 0) and (1 — g% — Il 7 L TH g
5%, iz ™). Denote the segment by
p=1—0 pa® A Ol — fy* — fg™ — - — ),
(3.4

i == (1 "— 0)1“‘2* + Hﬁ‘iul s i= 29 3:'--9 k + 15 e [09 1]

Then we have that

%m,n,k—l—l(q; s Hog 5oy V’l}—l—l) = (0‘ + 69)/(7/ -]T_ 89) (35>

where «, B, v, and 8 are constants determined by ¢. An expression such as
(3.5) is continuous if y 4 36 = 0 and is strictly increasing, strictly decreasing
or constant. Since u; > 0,7 = 1, 2,..., k + 1 on the line segment determined
by (3.4) we have from (3.1) that if ¢ < 0, ¥ + 56 = 0. Employing equations
(3.3) it follows that

Ronn k1K B s Bz seees lan) = €° (3.6)

for x € %% . Now consider some point xz,.4 << 0, x5, ¢ ¥z . Observing that
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as x —» —00, g?m,n—l,k(xg H‘l*s Mz*:'"a PLE*) —¢” and '%m,n,k(x; ﬁl*a .‘7«2*:---;
f1;*) — e differ in sign, these expressions must differ in sign for all x ¢ % .
Now

P, et (KT 5 1 5 Poa 5eees Poian)

has the form of (3.5) but with different values of «, 8, y, and 9. Since con-
tinuity follows as before, there is a unique 8, 0 < § < 1 for which (3.6) is
also satisfied with x = xz,; . This completes the proof since § produces the
required unique set of p;, i = 1,2,..., k + 1.

Now consider the problem of determining the best order constrained
uniform approximation to e” for —oo < x < 0. Employing the transforma-
tion x == [—#/(1 — t)], we observe that this equivalent to finding the best
approximation to

f@ =exp(—t[(1 —1),2€[0, 1), f(1)=0 (3.7

which is a function matching the conditions of Section 1.
From Theorem 3.1 and the results of Lawson [6] summarized in Eq. (1.5)
we have the following result.

TueoreM 3.2. For k > m, the best order constrained Chebyshev approxi-
mation (1) € IT,, , (f (1)), where f(¢) is defined by (3.7), has the form

F(t) = R (1L — )i pra s ), j=m+n—k
where p; = 0,1 =1,2,....,jand py + pg + =+ +p; < L.
COROLLARY 3.1. For k = m, the best order constrained uniform approxi-
mation #(x)ell, , (e%), —oo < x < 0, has the form
1(%) = Brmon (X5 15 Pz sees i)y J=m+n—k,
where p; 20,0 =1,2,..,J, and py + po + - +p; < 1.

It has recently been shown by Saff and Varga [7] that certain sequences of
these best approximations converge geometrically to ¢* on — oo < x << 0.

4. A-ACCEPTABILITY OF ORDER CONSTRAINED APPROXIMATIONS TO e

Using Corollary 3.1 which provides a characterization of the form of best
order constrained approximation to e® along the negative real axis, we now
investigate the A-acceptability of these approximations. That is, we ask,
which of these best approximations satisfy the condition | 7(z)] << 1 for all
z such that Re(z) < 0.
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The A-acceptability of approximations to e of the form %, . ,(z; pa ,
Lig s i), With j=1and n =m, n =m — 1 and with j = 2, n = m have
been considered previously in [2, 3]. All members of these classes of approxi-
mation were shown to be A-acceptable forp; >0, i =1, 2,..., j, s -+ a2 -+
e <L

Thus we have the following immediate result.

TeeEOREM 4.1, Best order constrained, uniform approximations fo e* over
— < x <0 are A-acceptable approximations fo e* when n =m and
k=2m—1lor2m-—2whenn=m— landk =2m — 2.

To illustrate that Theorem 4.1 cannot be generalized to all m, n =,
k = m consider

Ry 14(2; )

_ (1 —p) 1+ (1 + (z4)
(=0~ 2 + @20~ @BY) -+ mal — (3z/4) — (@A)~ (AD)

For y real, consider the difference
P 251405 p) P — | Poaaiys po)
r (y—37% y (y — 3% y
— pi i e T 7 - . L .
[0 = ) P () [0 0 T (5]

@ _1;;1) H#y ] )

(4.1)

Using (4.1) it is easily verified that | %, ; 1(iy; p)] < 1 for all y € (— o0, 0}
when 0 << uy; <1 and thus the best approximation for this case cannot be
A-acceptable.

More generally, using results found in [1-3} it can be shown that

Vo m—2. 105 22 — | P01 1)

= 3[(1 — p)(y — (m* — 2Zm)'7%) ((271133);! T ((7;’;“2 )2!);;7]

x [0 = ) 2 — 2y FZ I, G DL

— 0 — ) almem — D50 | “2)

and we again see that | %, ,,_o1(iy; py)] £ 1 for all y € (—o0, c0) for § <
< L
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Based on the above result and fact that individual Padé approximants on
or below the third subdiagonal are not A-acceptable, we state the following
conjecture.

THEOREM 4.2. Best, order constrained, uniform approximations to ¢* over
—o0 < x < 0 are not A-acceptable approximations to e€* for any m =n =0
whenm < k < 2m — 3.

Proof. By producing expansions such as given in (4.2) the correctness of
the theorem has been verified for the casesn = m,n =m — l,andn =m -2
all with k =m +n — 3.

In addition, the best approximations produced by Lawson [6] for
m=n==%k, m=2,3,4,5 were studied and only the approximation for
m = 2 was found to be A-acceptable as expected.
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